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(-H [ I examine the status of inflationary cosmology in light of the first-year data from the WMAP 

O , . satellite, focusing on the simplest models of inflation: those driven by a single scalar field. The 

I ' WMAP observation of the Cosmic Microwave Background is the first unified, self-consistent 

O , data set capable of putting meaningful constraints on the inflationary parameter space. 

WMAP provides significant support for the inflationary paradigm in general, and single-field 

slow-roll inflation models provide a good flt to existing observational constraints. 
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1 Introduction 

InflatioiyJ has emerged as the most successful model for understanding the physics of the very 
early universe. Inflation in its most general form consists of a period of accelerating expansion, 
during which the universe is driven toward flatness and homogeneity. In addition, inflation pro- 
vides a mechanism for generating the initial perturbations which led to structure formation in 
the universe. The key ingredient of this cosmological acceleration is negative pressure, or a fluid 
with a vacuum-like equation of state p ~ —p. In order for inflation to end and the universe to 
transition to the radiation-dominated expansion necessary for primordial nucleosynthesis, this 
vacuum-like energy must be dynamic, and therefore described by one or more order parame- 
ters with quantum numbers corresponding to vacuum, i.e. scalar fields. In the absence of a 
compelling model for inflation, it is useful to consider the simplest models, those described by 
a single scalar order parameter (p, with potential V{(j)) and energy density and pressure for a 
homogeneous mode of 

p=^^^ + VicP),p=^<p'-Vicl>). (1) 

The negative pressure required for inflationary expansion is achieved if the field is slowly rolling, 
<p^ <C V{(j)), so that the potential dominates. Different inflationary models can then be con- 
structed by specifying different choices for the potential V{(l)). In turn, different choices for 



V{(j)) predict different spectra for primordial fluctuations in the universe, and precision observa- 
tions can shed light on the physics relevant during the inflationary epoch. In this paper, I discuss 
the status of inflation in light of the WMAP observation of the Cosmic Microwave Background 
(CMB). The paper is arranged as follows: in Section [21 I discuss the observational predictions 
of inflation. In Section |21 1 discuss the constraints on the inflationary parameter space from 
the WMAP CMB anisotropy measurement. In Section 1 discuss constraints on a particular 
potential, V{4>) = A0^. Section [21 contains a brief summary and conclusions. 

2 The zoo plot 

During inflation, quantum fluctuations on small scales are quickly redshifted to scales much 
larger than the horizon size, where they are "frozen" as perturbations in the background metric. 
The metric perturbations created during inflation are of two types, both of which contribute to 
CMB anisotropy: scalar, or curvature perturbations, which couple to the stress-energy of matter 
in the universe and form the "seeds" for structure formation, and tensor, or gravitational wave 
perturbations, which do not couple to matter. Scalar fluctuations can also be interpreted as 
fluctuations in the density of the matter in the universe, and can be quantitatively characterized 
by perturbations P-ji in the intrinsic curvature scalar 
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The fluctuation power is in general a function of wavenumber k, and is evaluated when a given 
mode crosses outside the horizon during inflation, k^^ = dn- The slow roll parameter e is 
defined by the variation in the Hubble parameter with field value, and for a slowly rolling field 
{cp^ <^ V{cl))) is given approximately in terms of the first derivative of the potential by: 

ml,fH'{4>)\\,ml,fV'{<t>W (^s 
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This parameter governs the equation of state of the scalar field as 



P = p[-^e-lj, (4) 

so that accelerating expansion occurs for e < 1, or p < — p/3. The spectral index n is defined by 
assuming an approximately power-law form for P-j^ with 

so that a scale-invariant spectrum, in which modes have constant amplitude at horizon crossing, 
is characterized by n = 1. Here r] is the second slow roll parameter. 
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Variation of the spectral index dn/dln{k) with scale is second order in slow-roll, i.e. of order 
e^. Similarly, the power spectrum of tensor fluctuation modes is given by 
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The ratio of tensor to scalar modes is then 

^ = 166, (8) 

so that tensor modes are neghgible for e <C 1. Tensor and scalar modes both contribute to CMB 
temperature anisotropy. The tensor spectral index is 

d\n(PT) 

Note that ut is not an independent parameter, but is proportional to the tensor/scalar ratio, 
known as the consistency relation for single-field inflation. Many papers in the recent literature 
define the tensor /scalar ratio directly in terms of the primordial power spectra, r = (Pt/Ptz), 
which has the advantage of being independent of other cosmological parameters. Another con- 
vention defines the tensor /scalar ratio in terms of the relative contribution of fluctuations to the 
CMB power at a particular scale, usually the quadrupole, 

/^tensor 

/^scalar ' ^ ' 

where the relationship to the slow roll parameter e depends on the matter/dark energy content 
of the universe. The above figure r ~ lOe is valid for 0,m ~ 0.3 and Q\ ~ 0.7. I use the latter 
convention in this paper. 

A given inflation model can therefore be described to lowest order in slow roll by three 
independent parameters, P-ji, Pt, and n. To next order in slow roll, we add the running of 
the spectral index, dn/dln{k). The overall normalization is typically flxed by a free parameter 
in the inflationary potential, so that the parameters relevant for distinguishing among infla- 
tionary parameters are the tensor /scalar ratio r, the scalar spectral index n, and the running 
dn/dln{k). Different choices for the infiationary potential result in different predictions for the 
parameters, and therefore c cmst raints on the power spectrum from the CMB can be used to 
rule out inflationary models'^'"' It is useful to divide inflation models into three broad classes 
defined by the relationship between the slow roll parameters e and rj: small field models, with 
T] < — e, large-field models, with — e < 77 < e, and hybrid models, with rj > e. Typical potentials 
for small-field models are of the form V{(f)) = A^ [1 — ((/>/^)p], for example models based on 
spontaneous symmetry breaking phase transitions where the field rolls away from an unstable 
equilibrium at (/> = 0. Typical large-field potentials are of the form T^((/>) = A^(0//x)^, where 
the field during inflation has value (p > Mpi and rolls toward the origin. Typical hybrid-type 
models have potentials of the form V{4)) = A^ [1 + ((/)///)^], and require an auxiliary field to end 
inflation^' This "zoology" of models is useful because the three classes occupy different regions 
of the plane of observable parameters n and r, shown in Fig. ^ 

A complementary procedure to this classification scheme is to generate large numbers of 
particular infiation models by Monte Carlo evaluation of an infinite hierarchy of flow equations 
which completely specify the inflationary dynamics^ 
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Figure 1: The "zoo plot" of inflationary models in the n — r plane. 



where N is the number of e-folds of inflation, a 
parameters are defined hj 



4e — 2ri, and the higher-order slow roll 
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Since the dynamics are governed by a set of first-order differential equations, the cosmologi- 
cal evolution is entirely specified by choosing values for the slow roll parameters e,(T, ^Ah, • • •• 
Choosing such a point in the parameter space completely specifies the inflationary model, in- 
cluding the scalar fieldpotential, which can be reconstructed for each choice, so-called "Monte 
Carlo reconstruction" . LlJ Thus it is possible to generate an ensemble of potentials consistent with 
a particular observational constraint. (See the referenced papers for a detailed explanation of 
the technique.) 



3 Constraints from WMAP 

The spectacular WMAP observation has delivered on the promise of precision cosmology. Figure 
1^ shows the famous angular power spectrum for the CMB temperature and polarization from 
WMAP. Two features are marked on Fig. |2 The first is the well-known deficit in the power 
spectrum at large angles (low i). This puzzling feature has yet to be definitively explained and 
is problematic for slow-roll inflation models, which tend to predict a nearly power-law spec- 
trum of primordial fluctuations. A second feature, less commented upon in the literature, is the 
"dip" in the temperature/polarization cross-correlation spectrum between i = 100 and i = 200. 
Unlike the low quadrupole, this anticorrelation in the temperature and polarization signals is 
exactly what is predicted for a background of adiabatic fluctuations produced by inflation. Adi- 
abatic modes are readily distinguished topological defects, which produce a positive correlation 
on similar scales." Furthermore, the scales corresponding to £ = 100 are larger than the hori- 
zon size at the time of recombination. Therefore this signal in the temperature/polarization 
cross-correlation spectrum is a "smoking gun" for the presence of correlations in the primordial 
fluctuations in causally disconnected regions, a distinct signature of inflation.'^ Like the flatness 
of the universe, this is an essentially model-independent prediction of inflation, and in this sense 
WMAP has provided substantial and nontrivial support for the inflationary paradigm. 
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Figure 2: The temperature autocorrelation and temperature/polarization cross-correlation multipole spectra from 

WMAP. The measured anticorrelation in the cross-correlation spectrum is around £ — 100 is a strong indication 

of inflation. (Figure courtesy of the NASA/WMAP science team.) 



The WMAP data is additionally significant for inflation because it is the first unified, self- 
consistent data set capable of putting meaningful constraints on the inflationary parameter 
space." While it is useful to augment the WMAP data set by combining it with other data such 
as large-scale structure surveys, it is also desirable to understand what this data set alone tells 
us about inflation. Figures and 21 show constraints on the space of inflation paramters r, n, 
and dn/dln(k) for WMAP alone and for WMAP combined with seven other CMB anisotropy 
measurements: Boomerang, MAXIMA-1, DASI, CBI, ACBAR, VSA, and ARCHEOPsPl(I will 
refer to this second data set at "WMAP-l-7".) The data are fit to seven parameters: the dark 
matter density JIm^^, the baryon density Q\^h'^, the dark energy density Q\h'^, the reionization 
optical depth r, and the three inflationary parameters r, n, and dn/dln{k). The dark energy 
is assumed to be a cosmological constant, with equation of state p = —p. Four priors are 
assumed on the parameters space: (1) flat universe f^tot = 1, (2) HST key project value for the 
Hubble constant, h = 0.72 it 0.15, (3) reionization optical depth r < 0.3, and (4) the inflationary 
consistency condition for the tensor spectral index ntensor = —r/5. Figure |31 shows constraints 
the n — r plane for WMAP and WMAP-l-7, along with models generated by Monte Carlo as 
described in Sec. |2I 

The first clear conclusion to be drawn from the constraints is that the single-field, slow- 
roll inflation scenario is not strongly challenged by the existing CMB data taken alone. In 
particular, the "vanilla" scale-invariant (n = 1), tensor-free (r = 0) power spectrum with no 
running is consistent with both the WMAP and WMAP-l-7 data sets. The best-fit model prefers 
a negative running, dn/dln{k) < 0, consistent with the Peiris, et al. result,'"' but the preference 



"Previously, balloon or ground-based data had to be combined with the large angular scale data from COBE 



to constrain the power spectrum- 
and possibly other systematics. 
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This left the parameters subject to uncertainties due to calibration errors 
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Figure 3: CMB constraints on the n — r plane from WMAP (left) and WMAP+7 (right). The points are models 
generated by Monte Carlo, and are coded by type: small field (red, circles), large-field (green, triangles), and 
hybrid (blue, crosses). Only models consistent with the data to within a 3a likelihood are shown. The contours 
represent la, 2a, and 3a likelihoods. These contours are projections of the error bars in the full 3-D parameter 
space r, n, dn/d\n{k): the third parameter is not marginalized over. 
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Figure 4: CMB constraints on the n-dn/d hi(fc) plane from WMAP (left) and WMAP+7 (right). The points are 

models generated by Monte Carlo, and are coded by type: small field (red, circles), large-field (green, triangles), 

and hybrid (blue, crosses). The contours represent la, 2a, and 3a likelihoods. 



is not statistically significant. (The Peiris, et al. result indicating a roughly 2a indication of 
negative running was arrived at by combining WMAP with 2dFGRS and Lyman-a forest data 
to give a longer "lever arm" on the power spectrum. ) The models plotted in the n — r plane 
(Fig. inj show no particular preference for small-field, large-field or hybrid: all three classes are 
consistent with the data within the la likelihood contour. However, considering the running of 
the spectral index (Fig. |3J reveals a weak preference for hybrid models, with more fully populate 
the best-fit region with dn/dln(k) < 0. 

4 Is X(p* dead? 

As a concrete example of the discriminatory power of current data, consider a particular poten- 
tial, V {(f)) = X(j)^. This is a useful example because, in addition to being one of the simplest 
possible infiationary potentials, the predicted power spectrum lies very close to the border be- 
tween the regions allowed and disallowed by observation. Therefore the influence of priors on 
the result is especially important, as is the choice of data sets used to constrain the model. 

One important factor when calculating the prediction of the model is the choice of the number 
of e-folds N. For V (x cp'^, the slow roll parameters depend on N as e = 2t] = 1/ (N + 1). Thus 
the predictions for the observable parameters r, n, and dn/dln(k) depend on N, with 

10 3 dn 3 ,_,. 

"iV+1' " N+Vd\n{k)^ N{N+iy ^ ' 

This is to lowest order in slow roll, where I have used the normalization convention r = lOel^. 
A^ is the number of e-folds before the end of inflation which corresponds to the horizon-crossing 
time of a mode with a wavelength equal to the pivot scale today, and it cannot be fixed a priori. 
The relationship between N and perturbation wavelength depends on details such as reheat 
temperature, which cannot be fixed without a more detailed model. Relative to the WMAP-l-7 
data set, A = 40 is ruled out to high significance. A < 66 is ruled out at Sir relative to the 
error contour in the full three-dimensional parameter space. Constraints from WMAP alone are 
much less stringent, with A < 40 ruled out to 3(t, and A > 40 consistent with the constraint 
from WMAP alone. A number of groups have investigated similar constraints, with different 
choices of data set and priors: 

• Peiris, et a/.P Xcf)^ ruled out for A = 50, using WMAP + 2dF Galaxy Redshift Survey 
(2dFGRsSEI + Lyman-a forest. 

• Barger, et al^^Xcj)'^ OK for A > 45, using WMAP only and assuming dn/d\n{k) = 0. 

• Leach and Liddle:!^ ;y04 qk for A^ > 60, using WMAP + 2dFGRS. 

• WHK, et alW^Xct)'^ OK for A > 40 (WMAP only), and ruled out for A < 66 (WMAP + 

7). 

• Tegmark, et al)^ Xcj)^ marginal for WMAP -|- Sloan Digital Sky Survey. 

It is encouraging that a number of independent analyses, using different data sets and priors, 
arrive at comparable conclusions about constraints on the space of inflation parameters. It is 
also clear that the X(j)^ model is under signiflcant pressure from the data. It cannot, however, 
be said to be definitively ruled out by current constraints. 



5 Conclusions 

Inflationary cosmology, in light of recent data, is in very good shape. The WMAP tempera- 
ture/polarization cross-correlation spectrum provides clear evidence for the presence of adiabatic 
density perturbations correlated on scales larger than the horizon size at the time of recombina- 
tion, strong support for the inflationary paradigm. WMAP constraints on the primordial power 
spectrum are consistent with the predictions of the simplest single-field inflation models, includ- 
ing the most generic inflationary prediction of a scale-invariant spectrum with no detectable 
contribution from tensor fluctuations. This is the case for the WMAP data taken alone or in 
combination with other CMB observations. The best-fit value of a blue (n > 1) scalar power 
spectrum with a negative running of the scalar spectral inde x is c onsistent with results using 
WMAP combined with constraints from large-scale structur d. I I Particular choices of infla- 
tionary potential, for example V^cp) = A0^, are strongly challenged by the data: observational 
cosmology has reached the point where it is possible to rule out models of the very earliest 
moments of the universe, a signiflcant achievement. Some anomalies remain, most notably the 
unusually low signal near the quadrupole, which would be difficult for the simplest inflationary 
models to explain. Future data, such as large-scale structure data from the Sloan Digital Sky 
Survey, ground-based CMB polarization measurements, and the Planck satellite, will signifl- 
cantly improve the constraints on the inflationary parameter space and meaningfully test the 
inflationary paradigm as a whole. The era of precision cosmology is here. 
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